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A dynamic analysis of a ‘‘deep” hyperbolic composite coupling is presented. A model is
developed based on ‘‘shell/beam” assumptions, the energy approach, and the application
of the extended Lagrange’s Equations. The mathematical model is solved, using the ﬁnite
element method, to study the effect of the minimum diameter of a speciﬁc ‘‘deep” coupling
on its dynamic characteristics. The results of the developed ﬁnite element program are
compared with the corresponding 3D-ANSYS ones. The effect of the spinning speed is also
investigated. Results indicate that the developed model is very accurate in predicting the
axial and meridional/tangential natural frequencies. The model, however, over predicts
the ﬂexural natural frequency. The model also successfully captures the branching phe-
nomenon of the ﬂexural natural frequency exhibited with spinning.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Flexible couplings transmit torque, while accommodating certain amount ofmisalignment, from a primemover to a driven
unit of rotating equipment (Anon, 2004). Recently, Ghoneim and Lawrie (2007) introduced a ﬂexible Hyperbolic Composite
Coupling (HCC). This coupling enjoys two advantages: (1) it can be readily integratedwith composite drive shafts into a single
coupling-driveshaft unit (Faust et al., 1988; Lawrie, 2007), and (2) it can be complemented with some of the needed damping
(Ghoneim and Lawrie, 2005, 2006). Amathematicalmodel of the HCCwas developed based on the Timoshenko beam assump-
tions, which is appropriate for the analysis of ‘‘shallow” couplings. Based on this model, a dynamic analysis was conducted to
study the effects of two geometric parameters (theminimum inner diameter,Dmin, and the length, Laxial, of the coupling) on the
dynamic characteristics of the coupling. Dynamically, a ‘‘good” coupling should acquire: (1) a high torsional natural frequency
(stiff in torsion), and (2) relatively lowaxial andbendingnatural frequencies (soft in axial andbendingmodes) to accommodate
for anymisalignments. The results of the dynamic analysis of the HCC revealed that for best performance of the coupling small
values of Dmin/Dmax and Laxial/Dmax are needed. That is a ‘‘deep” hyperbolic coupling is desirable (see Fig. 1).
Accurate mathematical modeling of a hyperboloidal shell of revolution requires a three dimensional (3D) analysis (Kang
and Leissa, 2005). To alleviate the complexity of the analysis, the two-dimensional (2D) conventional shell of revolution
analysis is adopted by most researchers studying the dynamics of hyperbolic shells. An excellent review of the basic results
of the theoretical and experimental investigation of buckling and vibration of hyperbolic surface of revolution are summa-
rized by Krivoshapko (2002). In general, the 2D conventional shell theory is based on the classical shell theory, the ﬁrst-order
shear deformation theory, or a higher-order shear deformation theory. A good survey as well as a comparison among the
different deformation theories is presented by Chern and Chao (2000). They also developed a 3D-consistent higher-order
shear deformation theory, which satisﬁes the boundary conditions and interlaminar continuity of layer displacements
and transverse stresses. They successfully applied the theory to stress, vibration, impact and shock of laminate plates and. All rights reserved.
x: +1 585 475 7710.
Nomenclature
List of Symbols
A Cross sectional area.
Dmax Maximum diameter of the DHCC.
Dmin Minimum (throat) diameter of the DHCC.
I Area moment of inertial about the neutral surface of the DHCC.
kij Curvature component.
Laxial Length of the DHCC.bL Lagrangian density.
n Normal coordinate.
Ni Shape function.
qi Generalized displacement.
Qij ‘‘ij” component of the composite stiffness matrix.
R Radius of the DHCC.
Ru Radius of curvature of the DHCC in the meridional coordinate.
Rh Radius of curvature of the DHCC in the tangential coordinate.
s Meridional coordinate.
t Thickness.
T Kinetic energy.bT Kinetic energy density.
u Membrane displacement.
U Potential energy.
Ui Nodal displacement.
Us,h,n Meridional, tangential, and normal displacements.bU Potential energy density.
v Velocity.
[C] Element damping matrix.
[K] Element stiffness matrix.
[M] Element mass matrix.
a Slope of the meridional curve.
a3 Normal coordinate along n.
b Angular rotation of the cross-sectional area.
eij ‘‘ij” strain component.
h Tangential coordinate.
hf Fiber angle orientation.
rij ‘‘ij” stress component.
s Time.
H. Ghoneim / International Journal of Solids and Structures 45 (2008) 4484–4497 4485shell panels. Aydogdu (2006) presented a uniﬁed theory, which enables the selection of different in-plane displacement com-
ponents to represent higher-order shear deformation theories including the parabolic, hyperbolic, exponential and the trig-
onometric ones. Most recently, Pradymna and Bandyopadhyay (2008) developed a C0 ﬁnite element (FE) formulation using a
higher-order shear deformation theory and applied it to perform static and dynamic analyses of different laminates includ-
ing hyperbolic paraboloid, hyper and conoid shells. These 2D-shell-of-revolution analyses still engender a too complicated
mathematical model to be applied for the analysis of the proposed deep hyperbolic composite coupling.
Consequently, in the current paper, a more appropriate model for the analysis of a ‘‘deep” hyperbolic composite coupling
(DHCC) is proposed. The mathematical model of the proposed coupling (DHCC) is a one dimensional (1D) model. It is derived
based on beam/shell assumptions, the energy approach, and the application of the extended Lagrange’s equations (Meirov-
itch, 1997). The mathematical model of the DHCC, together with the appropriate boundary conditions, is solved for the dy-
namic characteristics of a particular DHCC. More speciﬁcally, the effect of Dmin(or Rmin) on the torsional, axial/radial, and
ﬂexural fundamental natural frequencies is studied. In addition, the effect of the spinning speed on the fundamental ﬂexural
natural frequency of the coupling is investigated. A discussion of the results and the merit of the approach are also presented.
2. Mathematical model
2.1. Kinematics
The beam/shell model of the ﬂexible DHCC coupling is based on the following assumptions:
1. Thin shell assumption; that is, the thickness is small compared to the radii of curvature of the shell surface. Consequently,
the through-thickness stress, rn, can be assumed negligible.
Laxial
Dmax
Dmin
Deep coupling Shallow coupling 
Fig. 1. Deep vs. Shallow hyperbolic coupling.
4486 H. Ghoneim / International Journal of Solids and Structures 45 (2008) 4484–44972. Love’s assumption: the displacements in the meridional direction ‘‘s” (Fig. 2), and in the tangential direction, h, vary lin-
early through the thickness; whereas the displacements in the normal direction ‘‘n” are independent of the normal coor-
dinate a3 (Soedel, 2004).
3. All displacements are composed of periodic, with respect to the tangential coordinate, h, and non-periodic components.
4. The out of plane shear strain enh is zero, and the non-periodic portion of esn vanishes; that is, 0esn = 0.
5. The circular cross sectional plane of the coupling remains a circular plane.
According to the second assumption, the displacements in the meridional, Us, tangential, Uh, and normal, Un, coordinates
can be written, respectively, as (Soedel, 2004):Usðs; hÞ ¼ usðs; hÞ þ a3bsðs; hÞ;
Uhðs; hÞ ¼ uhðs; hÞ þ a3bhðs; hÞ;
Unðs; hÞ ¼ unðs; hÞ;
ð1Þwhere u and b are the membrane displacements and angular rotations, respectively, and a3 stands for the normal coordinate
along ‘‘n”. The subscripts s, h, and n designate the meridional, tangential and normal components, respectively.
The third assumption of periodicity renders:uk¼0ukþ1uk cosðhÞþ2uk sinðhÞ . . . for k ¼ s; h;n;
bk¼0bkþ1bk cosðhÞþ2bk sinðhÞ . . . for k ¼ s; h:
ð2Þwhere the subscript 0, signiﬁes the non-periodic component of the displacement, and the subscripts 1 and 2 signify the ﬁrst
harmonic components. Notice that, for simplicity, only the ﬁrst harmonic components are considered in this analysis. It is
understood that for a more accurate analysis, higher harmonics should be considered in (2). According to Eqs. (1) and (2),
the number of displacements required to completely deﬁne the kinematics of the coupling at any point is ﬁfteen. This num-
ber can be reduced to nine, upon the implementation of the rest of the assumptions and expressing the angular rotation
components in terms of the membrane displacement components as presented next.
The strain-displacement expressions for a general thin-shell surface, in terms of three orthogonal curvilinear coordinates,
are developed and presented in Soedel (2004). The corresponding strain-displacement relations for the hyperboloidal surfaceθ
α
βz
s
n
Rϕ
Rθ
R
x
y
Fig. 2. A schematic of the DHCC with relevant parameters.
H. Ghoneim / International Journal of Solids and Structures 45 (2008) 4484–4497 4487are developed and presented in Appendix A. Upon substituting from Eq. (1) into (6A) and (5A), respectively, assumptions 4
render:enh ¼ bh 
1
Rh
uh þ a3bhð Þ þ
1
R
oun
oh
 
¼ 0;
esn ¼ bs þ
1
R/
oun
oa
þ us
 
¼1esn cosðhÞþ2esn sinðhÞ;
ð3Þwhere R is the radius of the circular cross sectional area (Fig. 2), Ru and Rh are the radii of curvature of the hyperboloidal
surface along the meridional and tangential coordinates, respectively, and a is the slope of the meridional curve, a = oR/ox.
Notice that R = Rhcos(a). Substituting from Eq. (2) into (3), respectively, yields:0bh ¼ 0
uh
Rh
; 1bh ¼ 1
uh
Rh
þ 2un
R
; 2bh ¼ 2
uh
Rh
 1un
R
; 0bs ¼
1
R/
0usþ0u0n
 
; ð4Þ
kesn¼kbs þ
1
R/
kusþku0n
 
. . . for k ¼ 1;2; ð5Þwhere the prime, in Eqs. (4) and (5) and throughout the paper, signiﬁes differentiation with respect to a.
Assumption 5 implies that any circular cross sectional area can only translate, rotate, and/or expand/contract without dis-
tortion. That is, if byand bz are the angular rotations of the circular cross section about the y and z coordinates (Fig. 2), respec-
tively, the expression of the axial displacement of any point on the coupling surface can be expressed as (Ghoneim and
Lawrie, 2007):Ux¼0ux  bzR cosðhÞ þ byR sinðhÞ; ð6Þ
and from a simple coordinates’ transformation, we have:Ux ¼ Us cosðaÞ  Un sinðaÞ: ð7Þ
Equating Eqs. (6) and (7), and after some manipulation, we get:kbs ¼ kus cosðaÞkun sinðaÞð Þ=R; for k ¼ 1;2: ð8Þ
Eqs. (4) and (8) deﬁne all the angular rotations, b, in terms of the membrane displacements, u, and consequently, the total
number of displacements that completely deﬁne the kinematics of the coupling reduces to nine. These nine membrane dis-
placement components are: 0us, 1us, 2us, 0uh, 1uh, 2uh, 0un, 1un, and 2un. All these displacements are functions of the single inde-
pendent variable, a.
2.2. Strain-displacement equations for the strain components
According to Love’s and the periodicity assumptions (the second and third assumptions), the strain components can be
written as:eij ¼ e0ij þ a3kij; . . . for i and j ¼ s; h: ð9Þ
e0ij¼0e0ijþ1e0ij cosðhÞþ2e0ij sinðhÞ;
kij¼0kijþ1kij cosðhÞþ2kij sinðhÞ:
ð10ÞAll the s-h components of the mid-surface strain, e0ij, and curvature, kij, are derived, in terms of three orthogonal curvilinear
coordinates, for a general axi-symmetric shell, and presented in Soedel (2004). The corresponding strain and curvature com-
ponents for the special case of hyperboloidal surface are presented in Appendix B. The expression of the periodic components
of the shear strain esn is derived by substituting Eq. (8) into (5):kesn ¼ 1R/ ku
0
nþkus
 þ 1
R k
us cosðaÞkun sinðaÞð Þ . . . for k ¼ 1;2: ð11Þ2.3. Constitutive equation
The constitutive equationof theﬁbrous compositematerial along the surfaceof thehyperbolic coupling canbeexpressed as:rs
rh
rn
rnh
rsn
rsh
0BBBBBBBB@
1CCCCCCCCA
¼
Q11 Q12 Q13 0 0 Q16
Q12 Q22 Q23 0 0 Q26
Q13 Q23 Q33 0 0 Q36
0 0 0 Q44 Q45 0
0 0 0 Q45 Q55 0
Q16 Q26 Q36 0 0 Q66
26666666664
37777777775
es
eh
en
enh
esn
esh
0BBBBBBBB@
1CCCCCCCCA
; ð12Þ
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ysis is restricted to the special anti-symmetric four-layer-arrangement laminate[± h/h]A, which is free of all types of coupling
2.4. Energy expression
The potential energy of the coupling, U, using the ﬁrst and fourth assumptions (rn = enh = 0) isU ¼ 1
2
Z aL
a0
Xnl
1
Z 2p
0
Z
ti
ðrses þ rheh þ rshesh þ rsnesnÞR/Rda3dhda ð13Þwhere ‘‘nl” is the number of layers (plies), a0 and aL are the slopes of the hyperbolic meridional curve at both ends of the
coupling, respectively, and ti stands for the thickness of layer (ply) ‘‘i”. Substituting from the constitutive Eq. (12), using
Eqs. (9) and (10), into Eq. (13), and after some manipulation, the expression of the coupling’s potential energy becomes:U ¼ 1
2
Z aL
a0
P
nlQ11A 0e
02
s þ 12 1e0
2
s þ 12 2e0
2
s
 
þPnlQ22A 0e02h þ 12 1e02h þ 12 2e02h þP
nlQ12A 20e
0
s 0e
0
h þ 1e0s 1e0h þ 2e0s 2e0h
 þPnlQ11I 0k2s þ 12 1k2s þ 12 2k2s þP
nlQ22I 0k
2
h þ 12 1k
2
h þ 12 2k
2
h
 
þPnlQ12I 20ks0kh þ 1ks1kh þ 2ks2khð Þ
þPnlQ66A 0e02sh þ 12 1e02sh þ 12 2e02sh þPnlQ66I 0k2sh þ 12 1k2sh þ 12 2k2sh 
þPnlQ55A 12 1e2sn þ 12 2e2sn 
8>>>>>><>>>>>>:
9>>>>>>=>>>>>>;
R/da:Substituting from the strain-displacement relations (Appendix B) and Eq. (11), into the above equation, the potential en-
ergy, U, can be completely expressed as a functional of the nine displacement components that completely deﬁne the kine-
matics of the coupling.
The kinetic energy of the coupling, where q stands for the density, isT ¼ 1
2
Z aL
a0
Xnl
1
Z 2p
0
Z
ti
qðv2s þ v2h þ v2nÞR/Rda3dhda; ð14Þwhere the s, h and n components of the velocities of a generic point on the hyperboloidal surface are, respectively:vs ¼ oos us þ a3bsf g; vh ¼
o
os
uh þ a3bhf g; and vn ¼
o
os
unf g: ð15ÞSubstituting from Eq. (2) into (15) and then into the kinetic energy expression (14), and after some manipulation, we get:T ¼ 1
2
Z aL
a0
qA
0 _u2s þ 0 _u2h þ 0 _u2n
 þ
1
2
1 _us þ _h2 _us
n o2
þ 1 _uh þ _h2 _uh
n o2
þ 1 _un þ _h2 _un
n o2
þ 2 _us  _h1 _us
n o2
þ 2 _uh  _h1 _uh
n o2
þ 2 _un  _h1 _un
n o2
0B@
1CA
0BBBB@
1CCCCA
þ qI=2ð Þ 1 _bs þ _h2 _bs
n o2
þ 2 _bs  _h1 _bs
n o2 
8>>>>><>>>>>:
9>>>>>=>>>>>;
R/da; ð16Þwhere, A is the cross sectional area of the composite coupling,A = 2pRt, and I is the area moment of inertia of the cross sec-
tional area about the neutral surface, I = pRt3/12. The dot over the letter signiﬁes differentiation with respect to time, s. it
should be pointed out that since the shear strain enhis assumed negligible, rotary inertia effects due to bhare viewed insignif-
icant and are ignored in (16). Similarly, since the thickness in this analysis is much smaller than the radii of curvature, rotary
inertia due to 0bs is also ignored. Substituting from Eq. (8) into (16) engenders an expression of the kinetic energy, T, purely in
terms of the nine displacement components.
2.5. Mathematical model
The partial differential equations governing the dynamics of the DHCC are derived using the extended Lagrange’s equa-
tion (Meirovitch, 1997):obL
oqi
 o
oa
obL
oq0i
 !
 o
os
obL
o _qi
 !
¼ 0; a0 < a < aL;subject to the boundary conditions: qi = 0, or o
bL
oq0
i
¼ 0at both ends (a = a0, and a = aL). In the Lagrange’s equation and accompa-
nied boundary conditions:bL ¼ bT  bU , where bL is the Lagrangian density, bTand bUare the kinetic energy density and the po-
tential energy density, respectively. The generalized displacement qi stands for the nine displacement components, which
completely deﬁne the motion of a point on the coupling. Once more, these displacements are: 0us, 1us, 2us, 0uh, 1uh, 2uh,
0un, 1un, and 2un. Substituting from the potential and kinetic energy expressions into the Lagrange’s equation, for each dis-
placement component, and after some rigorous manipulation, we obtain:
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0
h; 0uh
  ¼ qAR/0€uh; ð17Þ
L2 0u00s ; 0u
0
s; 0us; 0u
00
n; 0u
0
n; 0un
  ¼ qAR/0€us;
L3 0u00s ; 0u
0
s; 0us; 0u
00
n
 00
; 0u00n
 0
; 0u00n; 0u
0
n; 0un
 
¼ qAR/0€un; ð18Þ
L4 1u00s ; 1u
0
s; 1us; 1u
00
n; 1u
0
n; 1un; 2u
0
h; 2uh
  ¼ qAR/ 1€us þ 2 _h2 _us þ €h2us  _h21us ;
L5 1u00s ; 1u
0
s; 1us; 1u
00
n; 1u
0
n; 1un; 2u
0
h; 2uh
  ¼ qAR/ 1€un þ 2 _h2 _un þ €h2un  _h21un ;
L6 1u0s; 1us; 1u
00
n; 1u
0
n; 1un; 2u
00
h ; 2u
0
h; 2uh
  ¼ qAR/ 2€uh  2 _h1 _uh  €h1uh  _h22uh ;
ð19Þ
L7 2u00s ; 2u
0
s; 2us; 2u
00
n; 2u
0
n; 2un; 1u
0
h; 1uh
  ¼ qAR/ 2€us  2 _h1 _us  €h1us  _h22us ;
L8 2u00s ; 2u
0
s; 2us; 2u
00
n; 2u
0
n; 2un; 1u
0
h; 1uh
  ¼ qAR/ 2€un  2 _h1 _un  €h1un  _h22un ;
L9 2u0s; 2us; 2u
00
n; 2u
0
n; 2un; 1u
00
h ; 1u
0
h; 1uh
  ¼ qAR/ 1€uh þ 2 _h2 _uh þ €h2uh  _h21uh 
ð20ÞIn the above equations, _h ¼ 0 _hþ X, where X is the spin speed about the x-axis, and 0 _h ¼ 0 _uh=R. It should be pointed out that
the area moment of inertia about the neutral surface is neglected in the derivation of the above equations, Eqs. (17)–(20).
Together with the appropriate boundary conditions, Eqs. (17)–(20) represent the mathematical model of the proposed
hyperbolic coupling. Eq. (17) stands for the torsional vibration, (18) for the meridional/normal vibration, and (19) and
(20) stand for the ﬂexural vibration about two orthogonal coordinates (y and z). The expressions of the three coupled partial
differential equations (L4,L5 and L6) for the ﬂexural vibration about one coordinate are presented in Appendix C. The torsional
vibration (17) and the meridional/normal vibrations (18) are completely uncoupled from each other and from the ﬂexural
vibrations. The ﬂexural vibrations about the two perpendicular coordinates, (19) and (20), on the other hand, are coupled
together and to the torsional vibration (17) through the inertial forces.
Next, the discrete standard equation of vibration (½M€U þ ½C _U þ ½KU ¼ 0Þ is derived using the Galerkin ﬁnite element
method.
3. Finite element analysis
Over each element the generalized displacements are expanded in terms of shape functions and nodal displacements:0uhða; tÞ ¼
X
nn
NiðaÞ0UhiðtÞ; 0usða; tÞ ¼
X
nn
NiðaÞ0UsiðtÞ; 0unða; tÞ ¼
X
nn
NiðaÞ0UniðtÞ;
1usða; tÞ ¼
X
nn
NiðaÞ1UsiðtÞ; 1unða; tÞ ¼
X
nn
NiðaÞ1UniðtÞ; 1uhða; tÞ ¼
X
nn
NiðaÞ1UhiðtÞ;
2usða; tÞ ¼
X
nn
NiðaÞ2UsiðtÞ; 2unða; tÞ ¼
X
nn
NiðaÞ2UniðtÞ; 2uhða; tÞ ¼
X
nn
NiðaÞ2UhiðtÞ;
ð21Þwhere 0Usi, 0Uni, 0Uhi, 1Usi, 1Uni, 1Uhi, 2Usi, 2Uni and 2Uhi are the nodal displacements, and Ni(x) are the shape functions. For the
current analysis the cubic Hermite shape functions (Reddy, 2006), with nn = 4, are adopted for the shape functions, Ni.
Substituting (21) into the equations of motion (17)–(20), enforcing the integral of the weighted ensuing residual over the
element to vanish, integrating by part to get the weak forms, and taking into consideration the appropriate boundary con-
ditions, render the element equation: ½Me €Ue þ C½ e _Ue þ K½ eUe ¼ be, where [M]e, [C]e and [K]e are the element mass, damping
and stiffness matrices, respectively, and be is the boundary force vector,½Me ¼
MM 0 0 0 0 0 0 0 0
0 MM 0 0 0 0 0 0 0
0 0 MM 0 0 0 0 0 0
0 0 0 MM 0 0 0 0 0
0 0 0 0 MM 0 0 0 0
0 0 0 0 0 MM 0 0 0
0 0 0 0 0 0 MM 0 0
0 0 0 0 0 0 0 MM 0
0 0 0 0 0 0 0 0 MM
266666666666666664
377777777777777775
;0 0 0 0 0 0 0 0 0
2 3½Ce ¼ 2X
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 MM 0 0
0 0 0 0 0 0 0 MM 0
0 0 0 0 0 0 0 0 MM
0 0 0 MM 0 0 0 0 0
0 0 0 0 MM 0 0 0 0
0 0 0 0 0 MM 0 0 0
66666666666666664
77777777777777775
;
Table 1
Geomet
Materia
Maxim
Length,
Thickne
E1, GPa
E2, GPa
G12, GP
G23, GP
m12 and
q, kg/m
4490 H. Ghoneim / International Journal of Solids and Structures 45 (2008) 4484–4497½Ke ¼
0Kh 0 0 0 0 0 0 0 0
0 0Kss 0Ksn 0 0 0 0 0 0
0 0Ksn 0Knn 0 0 0 0 0 0
0 0 0 1Kss 1Ksn 1Ksh 0 0 0
0 0 0 1Kns 1Knn 1Knh 0 0 0
0 0 0 1Khs 1Khn 1Khh 0 0 0
0 0 0 0 0 0 1Kss 1Ksn 1Ksh
0 0 0 0 0 0 1Kns 1Knn 1Knh
0 0 0 0 0 0 1Khs 1Khn 1Khh
266666666666666664
377777777777777775
:Each element of the block matrices [M]e, [C]eand [K]eis a 4  4 matrix, and the expressions of these elements are given in
Appendix D. It is understood that the global discrete equation of motion is obtained upon the assembly of all element
equations.
4. Results and discussion
The ﬁnite element program developed for the dynamic analysis of the composite coupling (DHCC) is applied to determine
the fundamental natural frequencies of a speciﬁc coupling made up of a generic carbon/epoxy. As mentioned previously an
anti-symmetric [±hf(a)/  hf(a)]A laminate, which is free of all types of couplings, is considered for the coupling. The ﬁber an-
gle orientation, hf, is a function of the slope angle, a, since the ﬁbers are laid down along the geodesic lines of the hyperboloid
(Ghoneim and Lawrie, 2007). The material properties and dimensions of the coupling under investigation are given in Table
1.
Two cases are investigated. In the ﬁrst case the effect of the minimum radius, Rmin, on the fundamental torsional, axial/
radial and ﬂexural frequencies are determined for a non-spinning coupling. The effect of the spinning speed on the ﬂexural
natural frequency of the coupling is studied in the second case. All results, for both cases, are conducted for the cantilevered
situation; that is, the ﬁxed-free boundary conditions.
The fundamental torsional, axial and ﬂexural natural frequencies as functions of Rmin, for the speciﬁc case presented in
Table 1, are displayed in Fig. 4. Also, shown in the ﬁgure are the corresponding results of ANSYS. For the ANSYS results, a
mesh of 20  16  2 (20 circumferential elements  16 axial elements  2 elements across the thickness) solid brick82 ele-
ments is adopted. The ANSYS ﬁnite element mesh is displayed in Fig. 3 for Rmin = 2.5 inches (6.35 cm). For all the results pre-
sented in this paper using the developed ﬁnite element program, only eight elements are used.
Fig. 4 demonstrates excellent agreement between ANSYS’ and the developed FE program’s torsional and axial/radial re-
sults. The ﬂexural results of the developed FE over predict the corresponding results of ANSYS. Taken into consideration that
the thickness of the DHCC is relatively very small, this discrepancy may most likely be attributed to some of the following
assumptions introduced early:
1. The displacements in the meridional and tangential directions (us and uh) vary linearly through the thickness (Love’s
assumption), which implies the adoption of the ﬁrst-order shear deformation theory.
2. Enforcing that the cross sectional area remains a circular plane, which suppresses ovaling and warping of the cross sec-
tional plane.
3. Restricting the dependence of the assumed membrane displacements and angular rotations, in the tangential coordinate,
to the ﬁrst harmonics as represented by Eq. (2).
To further investigate the discrepancy in the ﬂexural natural frequency results, the corresponding results of a 2D axisym-
metric ANSYS model, using the PLANE25 axisymmetric harmonic solid element, are obtained and compared with the results
of the 3D-ANSYS model and the 1D developed FE model. Notice that the 2D-ANSYS model adopts the assumptions of peri-
odicity and the conservation of the circular cross-sectional plane (assumptions 2 and 3 above), and relieves the Love’sric and material properties of the composite coupling
l properties Carbon/epoxy
um radius, cm (in) 7.62 (3)
cm (in) 5.08 (2)
ss, cm (in) 0.0508 (0.02)
(Msi) 132 (19.2)
(Msi) 10.8 (1.56)
a (Msi) 5.65 (0.82)
a (Msi) 3.38 (0.49)
m23 0.24 and 0.59
3 (lb-sec2/in4) 1540 (1.44  104)
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Fig. 3. The ANSYS’ ﬁnite element mesh.
H. Ghoneim / International Journal of Solids and Structures 45 (2008) 4484–4497 4491assumption (assumption 1 above) and therefore does not suffer from the limitation of the ﬁrst-order shear deformation the-
ory. Consequently, the comparison of the ﬂexural natural frequency results of the three different models (3D-ANSYS, 2D-
ANSYS, and the 1D developed FE model) should shed some light on the main contributor(s) to the discrepancy.
Fig. 5 displays the fundamental ﬂexural natural frequency results for two sets of lengths (L = 2 inch, and L = 10 inch) of the
3D-ANSYS, 2D-ANSYS and the 1D developed FE program. For the 2D-ANSYS model a mesh of 16x2 elements (16 along the
meridian and 2 across the thickness) is adopted. Clearly, the results show that the 2D-ANSYS model is in general more accu-
rate than the developed FE program, which indicates that Love’s assumption (ﬁrst-order shear deformation) is the main con-
tributor to the discrepancy between the 3D-ANSYS and the developed FE program results. It should be pointed out that in
general the ﬁrst-order shear deformation theory under predicts displacements and over predicts natural frequencies and
buckling loads (Pradymna and Bandyopadhyay, 2008). Fig. 5 also indicates that as L increases the developed FE results im-
prove. This observation conﬁrms that Love’s assumption is one of the main reasons for the discrepancy in the ﬂexural natural
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4492 H. Ghoneim / International Journal of Solids and Structures 45 (2008) 4484–4497frequency results, since the effect of the ﬁrst-order shear deformation assumption is in general alleviated as the length
increases.
As for the effect of Rmin on the dynamic performance of the coupling, Fig. 4 exhibits:
1. A peak in the torsional fundamental natural frequency at Rmin = 2.85 inch = 7.24 cm. That is, a very slight curvature along
the meridian would signiﬁcantly stiffen up the coupling in the torsional mode.
2. A similar but smoother and ﬂatter optimum value of the ﬂexural fundamental natural frequency in the vicinity of Rminﬃ
2.7 inch = 6.86 cm.
3. A monotonic decrease in the fundamental axial natural frequency with decreasing Rmin. At Rmin ﬃ 2.5 inch = 6.35 cm;
however, a sharp decline in the value of the natural frequency is experienced. This sudden drop is attributed to the curve
veering phenomenon (Liu, 2002), and is explained in details in Ghoneim and Lawrie (2007).
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the basic dynamic requirements; that is: 1) stiff in torsion in order to carry high torques and transmit more power, and 2)
relatively soft in bending and axial modes in order to accommodate for any misalignments.
The spinning speed effect on the fundamental ﬂexural natural frequency of the coupling is demonstrated in Figs. 6 and 7.
Both ﬁgures exhibit the branching phenomenon. As the spinning speed increases, the ﬂexural natural frequency splits into
two: a lower frequency associated with the backward precession (BK), when the coupling precesses in the opposite direction
of the spinning speed, and a higher frequency pertained to the forward precession (FW). As the spinning speed increases the
BK and FW ﬂexural frequencies branch off farther apart (Fig. 6). The sample results displayed in Fig. 7 shows that, in general,
the amount of branching (difference between the FW and BK frequencies) is not substantial and is insensitive to the mini-
mum radius, Rmin,
5. Conclusion
A mathematical model of a composite ‘‘deep” hyperbolic coupling is proposed. It is based on shell/beam assumptions, the
energy approach, and the extended Lagrange’s equation. The mathematical model is applied to study the effect of Rmin of a
speciﬁc coupling on its dynamic characteristics using the ﬁnite element method. The results show excellent agreement with
the corresponding ANSYS results for the torsional and axial/radial modes and reasonable ones for the ﬂexural mode. The re-
sults also suggest a value of Rmin, which would meet the general dynamic requirements of a coupling. The model is also ap-
plied to study the effect of the spinning speed of the coupling on the fundamental ﬂexural natural frequency. Upon spinning,
the results capture the well-known branching phenomenon of the ﬂexural natural frequency.
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